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Abstract

We have reinvestigated a transmission line NMR probe first published by Lowe and co-workers in 1970s [Rev. Sci. Instrum. 45

(1974) 631; 48 (1977) 268] numerically and experimentally. The probe is expected to be ultra-broadband, thus might enable new

types of solid-state NMR experiments. The NMR probe consists of a coil and capacitors which are connected to the coil at regular

intervals. The circuit is the same as a cascaded LC low-pass filter, except there are nonzero mutual inductances between different coil

sections. We evaluated the mutual inductances by Neumann�s formula and calculated the electrical characteristics of the probe as a

function of a carrier frequency. We found that they were almost the same as those of a cascaded LC low-pass filter, when the

inductance L of a section was estimated from the inductance of the whole coil divided by the number of the sections, and if C was set

to the capacitance in a section. For example, the characteristic impedance of a transmission line coil is given by Z ¼ ðL=CÞ1=2. We

also calculated the magnitude and the distribution of RF magnetic field inside the probe. The magnitude of RF field decreases when

the carrier frequency is increased because the phase delay between neighboring sections is proportional to the carrier frequency. For

cylindrical coils, the RF field is proportional to ðpm=2mdÞ1=2 expð�m=mdÞ, where the decay frequency md is determined by the di-

mensions of the coil. The observed carrier frequency thus must be much smaller than the decay frequency. This condition restricts

the size of transmission line coils. We made a cylindrical coil for a 1H NMR probe operating below 400MHz. It had a diameter

2.3mm and a pitch 1.2mm. Five capacitors of 6 pF were connected at every three turns. The RF field strength was 40 and 60 kHz at

the input RF power 100W by a calculation and by experiments, respectively. The calculations showed that the RF field inhomo-

geneity along the coil axis was caused by a standing wave of current, which arose from the reflections at the coil ends. The cal-

culation showed that the homogeneity could be improved by decreasing the pitch near the both ends and making their impedance

close to that at the center.

� 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Resonant circuits are used in most nuclear magnetic

resonance (NMR) probes, which can be tuned in a fre-
quency bandwidth of a few hundred kilohertz. Solid

samples containing heavy nuclei and quadrupolar nuclei

have NMR spectral widths sometimes much larger than

the bandwidth of resonance probes. In such samples,

most of the experiments have been performed by a
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simple Hahn�s echo sequence, by changing a spectrom-

eter frequency and readjusting a probe tuning or by

changing a static magnetic field. Although the correla-

tion between different spectral regions might be impor-
tant in conducting and magnetic solids, two-dimensional

experiments [1] are not common in those samples. Since

the carrier frequency or the static field must be changed

to excite different spectral regions, the experiments re-

quire a rapid jump of a probe resonance frequency or a

static magnetic field.

There is another probe circuit, which employs a

transmission line structure; the RF pulses enter from an
input port, travel through the probe, and go out from an

output port. This circuit was first employed for a
reserved.
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broadband microwave amplifier [2] and then was ap-
plied to an ESR probe for double resonance experiments

[3,4]. In 1974, Lowe and Engelsberg [5] first published

this type of NMR probe and named it ‘‘delay line NMR

probe.’’ The delay line is a device to introduce a phase

lag to RF signals or a time delay to pulse signals by

changing the length of a transmission line or by modi-

fying the velocity of a travelling electromagnetic wave.

However, in this paper, we will use another name
‘‘transmission line NMR probe’’ which Stokes et al. [6]

quoted in their publication.

The circuit of transmission line probe resembles to a

low-pass filter (LPF) circuit, of which individual section

consists of an inductor and two capacitors (p-type LPF)
or two inductors and a capacitor (T-type LPF). It differs

from LPF only in the respect that it employs a single

coil, so that there are the mutual inductances between
different sections. The transmisson line probe was first

analyzed by a simple LPF model [5] and later by an

improved model [7] which took mutual inductance be-

tween neighboring sections. According to these analyses,

the probe circuit can be described by the characteristic

impedance and the cut-off frequency. It does not have

any tuning circuit. If the characteristic impedance is

adjusted to 50X when the probe is constructed, it should
have a wide bandwidth below the cut-off frequency and

a short transient decay time.

They also analyzed the RF field distribution inside

the probe. Lowe and Engelsberg investigated cylindrical

coils and found experimentally that the RF field was

very inhomogeneous. Lowe and Whitson theoretically

analyzed the RF field distribution in flat coils and con-

cluded that the field should be relatively homogeneous
as long as the coil thickness is much smaller than the

wavelength of the electromagnetic wave travelling down

the coil axis. Although the intensive mathematical

analyses were presented by Lowe and Whitson, numer-

ical evaluations of the RF field distribution were not

performed.

After these publications, only one paper by Stokes

et al. employed the transmission line probe, probably
because of the difficulty of its construction. Recently,

Conradi mentioned a possible use of this probe at low

temperature, since the characteristic impedance of the

coil might not be altered by the rapid decrease of the

resistance as a temperature was lowered [8]. In reso-

nance type probes, usually one side of the sample coil is

connected to a ground and another side is connected to

a matching circuit, which transforms the resistive im-
pedance of the sample coil to 50X. Since the sample coil
resistance (the resistance of Cu or Ag wires) changes

rapidly at low temperature, it is often difficult to tune

the resonance type probes. Haase et al. [9] mentioned

another application of the transmission line probe to

double resonance experiments, where two nuclei had

close frequencies, although they wrote that their new
double resonance probe could be retuned to a single
resonance signal with a large line width.

In the present article, we constructed a transmission

line NMR probe by using ceramic chip capacitors and

performed intensive numerical calculations of the

electrical characters based on the moment method,

and compared them to those obtained by experiments.

We derived a simple formula to predict the charac-

teristic impedance and the cut-off frequency of any
given geometry of the coil and the capacitance value.

We also calculated the strength and the distribution of

RF field inside the flat and the cylindrical coils. De-

tailed frequency dependences of these characters were

simulated. The results were compared with the ana-

lytical formulae derived from the waveguide theory

and with the results of the nutation experiments for

various nuclei. A method to improve the sensitivity of
the probe was proposed and also examined experi-

mentally.
2. Method of simulation

2.1. p-Type transmission line probe

In the present work, we employed the model of the

transmission line probe proposed by Lowe and Engels-

berg [5] and Lowe and Whitson [7], which is shown in

Fig. 1a. The circuits consist of Np sections and each

section contains a coil and two capacitors. Lowe and

Engelsberg simplify the model by ignoring all the mutual

inductances, so that the circuit is same as that of a N -
cascaded low-pass filter. Subsequently, Lowe and
Whitson improved the model by taking account of the

mutual inductances between the neighboring sections. In

our analyses we calculated all the self and mutual in-

ductances explicitly for a given geometry of a coil, by

using Neumann�s formula.

The mutual inductance between the ith and jth coil

sections is given by

Mi;j ¼ ðl0=4pILiILjÞ
Z

d~rri

Z
d~rrj ~JJð~rriÞ �~JJð~rrjÞ=j~rri
�

�~rrjj
�
;

ð1Þ
where~rri and~rrj are the coordinates of the ith and jth coil
sections;~JJð~rrÞ and ILi are the current density and the total
current on the ith coil section, respectively. Analytical

formulae can be derived for two filaments carrying

current by using the integral formulae:Z x

dt=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ t2

p
¼ ln x

��� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p ���
andZ x

t ln f tð Þdt ¼ 1

2
x2 ln f xð Þ �

Z x 1

2
t2 f 0 tð Þ=f tð Þ
� �

dt:



Fig. 1. Model circuits of a transmission line probe. (a) p-type
transmission line probe. The circuit is consisted of N sections. Each

section contains an inductor with a self-inductance Mii and two ca-

pacitors with a capacitance C0=2. There is a mutual inductance Mij

between the ith and jth coil sections. Ei and ILk denotes the voltage

across the ith capacitor and the current on the kth coil, respectively.

(b) T-type transmission line probe. Compared with (a), a half of

inductor and a capacitor are removed from the last section and are

inserted before the first section. (c) Impedance transformations by

k=4 cables. The transformer cables must have the characteristic im-

pedance of ZT ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Z0Zeff

p
, where Zeff and Z0 ¼ 50X denotes the im-

pedance of the transmission line coil and the feeding/receiving cables,

respectively. (d) Experimental configurations. As described by Lowe

and Engelsberg, a pair of crossdiodes and a k=4 cable was employed

for a RF switch operating between transmitting and detection

modes.
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We employed the formulae for two parallel and inclined

filaments written in Grover�s book [10]. Self-inductance

was evaluated for a cylindrical wire by assuming RF

current is distributed homogeneously on the surface of

the wire. Eq. (1) reduces to

Mi;i 	 ðl0l=2pÞðln j2l=aj � 1Þ; ð2Þ

where l and a are the length and the radius of the wire,

respectively. Eq. (2) can be derived by using the formula,R p=2
0

ln j sin hjdh ¼ �ðp=2Þ ln 2. It is worth to note that
Mij is negative when a pair of currents are flowing anti-
parallel to each other. When the number of turns was

noninteger, the high frequency electrical characters of

the coil were different from those of the coil with integer

turns.

The current on each coil section was calculated by

the Moments method [11–13]. We assumed that the

displacement current ~JJD ¼ o~DD=ot is localized within

capacitors. We ignored the capacitive couplings be-
tween coil sections, which may be important at high

frequency, since the capacitance calculations are a little

more involved. The moment method at first expresses a

scalar (or vector) potential by a convolution integral of

Green�s function and a charge (or a current). The re-

lations between currents and voltages (Kirchhoff�s
voltage law) are derived from these equations and the

conservation law of a charge. The output voltage En

and the current In on the nth section in Fig. 1a are

given by:

En�1 � En ¼ RILn þ jx
XN
m¼1

MnmILm 

XN
m¼1

ZnmILm; ð3Þ

In�1 � In ¼ Y Enð þ En�1Þ; ð4Þ
where R and Y ¼ ðjxC=2Þ are the resistance of a wire

and the admittance of a capacitor, respectively [5,7]. The

current on the nth coil is given by

ILn ¼ In þ YEn: ð5Þ

Eqs. (3)–(5) are combined and rewritten into the fol-

lowing 2N dimensional linear equations:
~EEðNÞ
0

~II ðNÞ
0

" #
¼

ĴJ þ ẐZY ẐZ
Y 21̂1ðNÞ þ ẐZY
� �

ĴJ þ ẐZY

" #
~EEðNÞ

~II ðNÞ

" #


 K̂K
~EEðNÞ

~II ðNÞ

" #
; ð6Þ

where the N-dimensional voltage and current vectors are

given by

~EEðNÞ
0 ¼

E0

0

..

.

0

2
664

3
775; ~II ðNÞ

0 ¼

I0
0

..

.

0

2
664

3
775;

~EEðNÞ ¼

E1

E2

..

.

EN

2
6664

3
7775; ~II ðNÞ ¼

I1
I2
..
.

IN

2
6664

3
7775:

ð7Þ

ẐZ is the impedance matrix given by Eq. (3). The N-di-

mensional matrices ĴJ and 1̂1ðNÞ are given by
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ĴJ ¼

1 0 � � � 0

�1 1 . .
. ..

.

0 . .
. . .

.
0

0 0 �1 1

2
666664

3
777775 and

1̂1ðNÞ ¼

1 0 � � � 0

0 1 . .
. ..

.

..

. . .
. . .

.
0

0 � � � 0 1

2
66666664

3
77777775
: ð8Þ

The four-terminal constants of the probe circuit are

derived by inverting Eq. (6)

EN

IN

� �
¼

A �B

�C A

� �
E0

I0

� �

¼
ðK̂K�1ÞN ;1 ðK̂K�1ÞN ;Nþ1

ðK̂K�1Þ2N ;1 ðK̂K�1Þ2N ;Nþ1

2
4

3
5 E0

I0

� �
: ð9Þ

The circuit is passive and symmetric so that we

employed AD � BC ¼ 1 and A ¼ D in the above equa-

tion. The transmission line circuit is well characterized

by a complex effective impedance Zeff ¼ Zeff ; re þ jZeff ; im
and a propagation constant c ¼ a þ jb, which are re-
lated to four terminal constants by the following

equations:

Zeff ¼
ffiffiffiffiffiffiffiffiffi
B=C

p
; ð10Þ

expð�cÞ ¼ A � B=Zeff : ð11Þ
The impedance matching requires Zeff ¼ Z0, where Z0 is

characteristic impedance of a cable. The constants a and
b are called as an attenuation constant and a phase

constant, respectively. All of these three values are

generally frequency dependent.

The input and output ports of the probe are usually

connected to a voltage source Vin and to a load Z0 (or a
receiver), respectively, through cables of characteristic
impedance Z0. Since only the two travelling wave modes
of

½E I � ¼ E½ 1 �Z�1
0 �

are allowed in the cable, the continuity conditions of the

voltage and the current determine the amplitudes of the

reflected and the incident waves

Vin 1 Z�1
0

� �
¼ Vin Z0ðf � ZLÞ= Z0ð þ ZLÞg 1 �Z�1

0

� �
þ Vin 2ZL= Z0ðf þ ZLÞg 1 Z�1

L

� �
: ð12Þ

ZL is the load impedance of the probe given by:

ZL ¼ ðA þ BZ�1
0 Þ=ðC þ AZ�1

0 Þ: ð13Þ
The incident voltage and current are calculated as
E0 I0½ � ¼ 2ZLVin=ðZ0 þ ZLÞ 1 Z�1
L

� �
¼ 2Vin= 2A

��
þ BZ�1

0 þ CZ0

��
� A þ BZ�1

0 Z�1
0 ðA þ CZ0Þ

� �
: ð14Þ

The voltage reflection coefficient R and transmission

coefficient T are given by:

R ¼ ðZL � Z0Þ=ðZL þ Z0Þ

¼ BZ�1
0

�
� CZ0

�
= 2A
�

þ BZ�1
0 þ CZ0

�
; ð15Þ

T ¼ EN=Vin ¼ 2= 2A
�

þ BZ�1
0 þ CZ0

�
: ð16Þ

By using Eqs. (5), (6), and (14), the current on the kth
coil section ILk was calculated. The RF field due to ILk is
obtained by integrating Amp�eere�s formula for a straight

filament,

~BBkð~xxÞ ¼ fl0ð~eek �~eeqÞILk=4pqg

� 1

2
k

�8<
: � xk

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ 1

2
k � xk

� �2
s

þ 1

2
k

�
þ xk

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ 1

2
k þ xk

� �2
s 9=

;

~ggk ~xx

� �
ILk; ð17Þ

where k and~eek are the length and the unit vector parallel

to the current, respectively. The coordinate ~xx is mea-

sured from the midpoint of the filament. xk and q are

given by xk ¼~xx �~eek and q~eeq ¼~xx �~eekð~eek �~xxÞ, respectively.
Nuclear magnetization is affected only by the RF field

rotating in the same direction as the Larmor precession.

We assume that the static magnetic field is along the z-
direction. The amplitudes B� and the phases /� of the

rotating field are given by

B� ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðBc

x � Bs
yÞ

2 þ ðBc
y � Bs

xÞ
2

q
; ð18Þ

/� ¼ tan�1 �Bc
y � Bs

x

Bc
x � Bs

y

 !
; ð19Þ

where the upper sign for the anti-clock wise rotating

component. Bc;s
a a ¼ x; y denotes the magnetic field

components oscillating in the same phase (c) and in the

phase delayed by 90� (s) from the complex input voltage

Vin, respectively. These are calculated by

Bc
að~xxÞ ¼

XN
k¼1

ga;kð~xxÞRefILkg ð20Þ
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and

Bs
a;kð~xxÞ ¼

XN
k¼1

gað~xxÞImfILkg; ð21Þ

respectively.

2.2. T-type transmission line probe

We also employed the T-type circuit shown in Fig. 1b

for the simulation. The self-inductances or the number

of turns at both the ends are the half of the other sec-

tions. The procedure of the calculation is similar to that

employed for the p-type circuit. Here we will show only

the results of the calculation. The four terminal con-

stants are defined by

E0

IL;0

� �
¼ A B

C A

� �
ENþ1
IL;N

� �
: ð22Þ

These three constants were calculated as follows:

A ¼ ð1þ 2YZ00 � H11Þ=ðH12 � 2YZN0Þ; ð23Þ

B ¼ ð1þ 2YZ00 � H11Þ2=Y ðH12 � 2YZN0Þ

� ðH12 � 2YZN0Þ=Y ; ð24Þ

C ¼ Y =ðH12 � 2YZN0Þ: ð25Þ
The impedance matrix ẐZ is given by Eq. (3), however

it has ðN þ 1Þ2 elements numbered from 0 to N . To
calculate H11 and H12, we define the following ðN � 1Þ�
ðN � 1Þ matrix N̂N from 1st to ðN � 1Þth rows and col-

umns of ẐZ
N̂N ¼

2þ 2YZ1;1 �1þ 2YZ1;2 � � � 2YZ1;N�1

�1þ 2YZ2;1 2þ 2YZ2;2
. .
. ..

.

2YZ3;1
. .
. . .

.
�1þ 2YZN�2;N�1

..

.
� � � �1þ 2YZN�1;N�2 2þ 2YZN�1;N�1

2
666664

3
777775: ð26Þ
We also define the N � 1 dimensional vectors

t~bb0 ¼ ½1� 2YZ0;1;�2YZ0;2; . . . ;�2YZ0;N�1� ð27Þ
and

t~bbN ¼ ½ � 2YZN ;1; . . . ;� 2YZN ;N�2; 1� 2YZN ;N�1 �: ð28Þ
H11 and H12 in Eqs. (23)–(25) are given by:

H11 ¼ t~bb0N̂N�1~bb0; ð29Þ

H12 ¼ t~bb0N̂N�1~bbN : ð30Þ
The voltage reflection and transmission coefficients are

calculated by Eqs. (15) and (16). Then the currents on the

0th and the Nth coils are determined for a given input
voltage Vin by using Eq. (22) and ENþ1 ¼ IL;NZ0 ¼ TVin.
They are used to calculate the currents on the other coil

sections given by

~II 1;N�1ð Þ
L ¼ IL;0N̂N�1~bb0 þ IL;N N̂N�1~bbN : ð31Þ
3. Experiments

The coils were made by using an AWG30 Teflon
covered wire (the conductor diameter 0.26mm, Teflon

wrapping diameter 0.56mm) and chip capacitors.

(Murata GRH111CH060D500PB: 6pF, GHM1038SL

560J3k: 56pF, etc. A typical size was a 2.8mm cube.)

Nonmagnetic chip capacitors with the similar size are

available from American technical Ceramics (www. at-

ceramics.com). At first, Teflon wrappings were separated

from inner conductors. Two conductor wires and a
Teflon tube from the wrapping were wound onto a shaft

of a 2.5mm diameter drill. A thin paper was wrapped

around the shaft, so that the coil was easily removed

from the shaft after it was fixed by epoxy glue. A caution

was made by a reviewer that Epoxy had been known to

reduce the Q of resonant type of coils. However, we did

not detect any serious effect. It might appear when the

length coil is very long. The Teflon tube works as an
insulator between the neighboring turns of the conductor

wires. The pitches of the coils made in this manner were

always very close to 1.2mm. Two mm wide capacitor

leads were cut from a 0.1mm thick copper film, and were

soldered to the conductor wires and to the chip capaci-

tors at every nc turn. nc was either 3 or 1.5, while the total
number of the capacitors was 5 or 11, respectively. The

length of the capacitor lead was around 2mm. It was

made the shortest to minimize the self-inductance. The
other sides of the capacitors were grounded to a copper

film.

The reflection and the transmission of the probe were

measured by an Agilent Technologies� network analyzer,
8712ES. NMR experiments were performed on a Bruker

DSL400 spectrometer. The circuit used was similar to

Fig. 4 of the paper by Lowe and Engelsberg [5] and

reproduced in Fig. 1d. Almost the same signal was ob-
tained, when we omitted the diode boxes and the k=4
cables in the transmitter side and connected the trans-

mitter directly to one of ports of the probe. A concen-

http://www.atceramics.com
http://www.atceramics.com
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trated water solution of NaBr was used for the mea-
surements of 23Na, 79Br, and 1H, while a solution of

K2PtCl6 was employed for 195Pt.
4. Results and discussions

4.1. Simulation of electrical characteristics of a flat coil

At first, we consider the flat coil transmission line

probe, whose geometry is given in Fig. 2. Here the pitch

is assumed to be constant, i.e., pðkÞ ¼ p for k ¼ 1; . . . ;
Nt, where Nt is the total number of turns. The capaci-
tance C0 was the only variable and was adjusted so that

the real part of the effective impedance matches with the

cable impedance of 50X at the lowest frequency. The

number of turns between capacitors nc was varied while

the dimensions of the coil and the total number of turns

Nt were fixed.

The propagation constants, the effective impedance

and the magnitudes of reflection and transmission were
calculated as a function of a frequency. The results are

shown in Fig. 3. The frequency dependences of these

electrical characteristics are similar to those of a N -
cascaded LC low-pass filter, where mutual inductances

between different p-sections are made zero in Fig. 1a.

There is a cut-off frequency mc above which the attenu-

ation constant a deviates from zero. The cut-off fre-

quencies in Fig. 3 are 1160, 480, and 200MHz for
nc ¼ 1; 2, and 4, respectively. Above the cut-off fre-

quency, the magnitude of transmission falls to zero,

while the magnitude of reflection becomes a unity, so

that the entire incident wave is reflected. The

phase constant b increases almost linearly with m when

m � mc. It rises steeply near mc and becomes Np ¼ Ntp=nc
at mc. The slope of b vs. frequency is almost independent
Fig. 2. Geometry and dimensions of the flat transmission line coil. The

origin is chosen at the center of the coil and indicated by �. The pitch
pðkÞ is defined for each turn, k ¼ 1; . . . ;Nt, where Nt is the number of

turns. The triangles indicate the positions of capacitors. Capacitors of

1=2C0 are attached at the first and the last triangles and are terminated

to the ground. The capacitors of C0 are connected at every nc turns
between the both ends.

Fig. 3. Simulated electrical characteristics of flat transmission line

coils. Frequency dependences of a propagation constant c ¼ a þ jb (a),

effective impedance Zeff ¼ Zeff ; re þ jZeff ; im (b) an absolute reflection jRj
and an absolute transmission jT j (c) were calculated for the three nc
values. The dimensions of the coil are l ¼ 9mm, d ¼ 2:3mm,

p ¼ 1:2mm, and Nt ¼ 24. The capacitance C0 was determined from the

condition Zeff ðm 	 0Þ ¼ 50X and was 11.1, 22.1, and 44.2 pF for

nc ¼ 1, 2, and 4, respectively.
of nc as long as m � mc and when Nt is constant. When Nt

was doubled, b also became doubled, which indicates

that the phase delay b through the coil is proportional to

the coil length.

The difference from the low-pass filter circuit is that

Zeff shows peaks at the frequencies where b becomes an

integer multiple of p, i.e., b ¼ kp, k ¼ 1; 2; . . . ;N � 1. At
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these frequencies mk, a becomes nonzero and positive
and the magnitude of reflection takes maxima. Another

marked difference is that the currents IL;k on different

coil sections are not uniform. The phase of the current

varies linearly as a function of position k. However, the
magnitude of the current shows a sinusoidal oscillation

as a function of k as shown in Fig. 4b. It can be un-

derstood as a standing wave of current within the

transmission line probe. If there is only the wave trav-
elling in one direction, the amplitude of current must be

uniform over all the k values. Since the boundary con-

dition IN ¼ Z�1
0 EN must be satisfied, the phase of the

current oscillation is fixed near 0� at the last coil section
(k ¼ 24), while the amplitude of the current is close to

Z�1
0 ¼ ð1=50XÞ ¼ 20A ðkVÞ�1 as shown in Fig. 4a. The

undulation of the current jIL;kj over k increases monot-

onously as the carrier frequency increases as shown in
Fig. 4a. When the oscillation of the current amplitude is

large, the RF magnetic field in the transmission line

probe also oscillates along the y-axis, thus the RF field

becomes very inhomogeneous.
Fig. 4.Magnitude of the calculated current jIL;k j on the kth coil section of
a flat transmission line coil. The currents are shown for a unit input

voltage. The dimensions of the coil are the same as Fig. 3. nc andNt are 1

and 24, respectively. (a) and (b) are the frequency and the position de-

pendences, respectively. The currents oscillate around Z�1
eff ¼ 50X�1 ¼

20A ðkVÞ�1, which shows the occurrence of a standing wave within the
coil.
4.2. Approximate formulae for the electrical characteris-

tics

It is convenient if one can relate dimensions of a coil

to its electrical properties like Zeffð0Þ, mc, and mk by using

the approximate formulae without any explicit numeri-

cal calculations. An analytical solution exists for an N-

cascaded low-pass filter circuit, where each section is

independent. We assume that the total inductance of a
coil is distributed to the N ¼ ðNt=ncÞ independent coil
sections. According to this model, the self-inductance is

given by Mj;k ¼ dj;knc �MM , where �MM is the total inductance

of a coil divided by the number of turns, Nt. According

to this model the effective impedance at m ¼ 0 is given by

Zeffð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nc �MM=C0

q
: ð32Þ

The circuit is characterized by a cut-off frequency mc,
which is given by

mc ¼ 1=p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nc �MMC0

p
¼ Zeffð0Þ= pnc �MM

� �
: ð33Þ

The phase constant b for the whole length of the probe

is given by the following equation under the condition

m � mc:

b ¼ 2N sin�1ðm=mcÞ 	 2Nm=mc: ð34Þ
mk is derived by setting b ¼ kp

mk ¼
1

2
kpðncmc=NtÞ: ð35Þ

When the above equation is combined with Eq. (33), mk

does not depend on nc. The attenuation constant a is

given by

a ¼ 2N cosh�1 m=mcð Þ; ð36Þ
under the condition of mP mc. The above equation

shows the transmission vanishes rapidly m 	 mc.
Now we will estimate Zeffð0Þ, mc, and m1 for the flat coil

probes with the dimensions given in Fig. 3 (l ¼ 9mm,

d ¼ 2:3mm, p ¼ 1:2mm, Nt ¼ 24) by using the above

formulae and compare them to the values obtained from

the simulation. At first, �MM was calculated to be 27.6 nH

by using

�MM ¼ N�1
t

XN
i;j¼1

Mi;j; ð37Þ

where Mi;j were obtained by using Neumann�s formula.
Another simpler estimate was made from the following

formula of inductance for an infinitively long coil

�MM ¼ Sl0=p: ð38Þ
S ¼ ld is a crosssection of a flat coil. The coil dimensions
in Fig. 3 gave �MM ¼ 21:7 nH.

If we used �MM ¼ 27:6 nH and calculated C0 from Eq.

(32) together with the matching condition, Zeffð0Þ ¼
50:0X, these values of C0 agreed with that obtained from



Fig. 5. Simulated variations of absolute rotating magnetic field

jBþðx; y; zÞj of flat transmission line coils against carrier frequency and

at the coil center (a), against x along y ¼ 0 (b), and against y along

x ¼ 0 (c). The dimensions of a flat coil are the same as those of Fig. 3.

The solid, the broken, and the dotted thick lines in (a) shows the

simulated curves for nc ¼ 1, 2, and 4, respectively. The thin line was

calculated from Eq. (40). It agrees with the simulated curves at max-

ima. All the results in (b) and (c) were calculated for nc ¼ 1.
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the simulation within 1%. While formula (38) provided
the 20% smaller values. mc and m1 were calculated by the

first method to be ð576=ncÞMHz and 38MHz, respec-

tively. The second method provided ð733=ncÞMHz and

48MHz. The corresponding values obtained from the

simulation were ð800–1160Þ=nc MHz and 39MHz, re-

spectively. The first method provided better estimate of

m1 than the second method. But both the methods pro-

vided much smaller values of mc than the simulation.

4.3. RF field homogeneity of a flat coil

According to the above model of the independent N-
cascaded p-sections, the currents flowing through the

neighboring sections have a phase delay given by

b=N ¼ 2 sin�1ðm=mcÞ. As the carrier frequency increases,

this phase delay increases and becomes 180� at mc. The
RF magnetic fields produced by the different p-sections
interfere more destructively as the carrier frequency in-

creases. Lowe and Whitson [7] derived the following

formula for the rotating magnetic field inside the flat coil
at jzj � d. They assumed that the coil extended along

the x- and y-axes to infinity, i.e., l ! 1 and Nt ! 1 in

Fig. 2 and that the instantaneous current along the þx
(�x) direction was distributed on the plane z ¼ þ1

2
d

(z ¼ �1
2
d) with the density 1

2
ðI=pÞ expfiðjy � xtÞg.

The factor 1
2
arises from the fact that the current con-

tains the minus frequency component which does not

resonate with the nuclear spins. The magnitude of the
rotating magnetic field was given by

Bþj j ¼ By

�� �� ¼ 1

2
l0ðI=pÞ expð�jd=2Þ coshðjzÞ: ð39Þ

Since jp is the phase delay per turn, it is equal to the

phase constant divided by the number of turns, b=Nt. If

we employ again the circuit of low-pass filter, j can be

rewritten as j ¼ m=ðncpmcÞ. The current I is approxi-

mately given by I 	 Vin=Z0 as shown in Section 4.1. The

rotating field at the center of the coil is given by

jBþj ¼
1

2
l0ðVin=Z0pÞ expð�m=mdÞ; ð40Þ

where the decay constant md is given by

md ¼ ð2ncpmc=dÞ ¼ f2Zeffð0Þ=p �MMgðp=dÞ

	 ð2Z0=pl0lÞðp=dÞ
2
: ð41Þ

For the flat coil with the dimensions given in Fig. 3,

md ¼ 615MHz and ðl0=2Z0pÞ ¼ 10:47mT ðkVÞ�1 were

calculated.

Fig. 5a shows the rotating field at the center of the

coil obtained from the numerical calculations in com-

parison with the value calculated from approximate Eq.

(40). The numerical results show the oscillating decays,
however, the upper traces of the oscillations coincide

with the exponential curve obtained from Eq. (40). Thus

Eq. (40) provides a quick estimate for the jBþj values
when a new transmission line probe is constructed. The

oscillatory behaviors of the simulated curves are ap-

parently due to the standing wave of the current am-

plitudes over the different coil sections as explained in

Fig. 4.

The field distributions along the x- and y-axes were
calculated and are shown in Figs. 5b and c, respectively.

As expected from the undulation of the current ampli-
tude over the different coil sections, the field also



Fig. 6. Simulations of variable pitch flat transmission line coils. The

dimensions of the coil are d ¼ 2:3mm, l ¼ 9mm, pc ¼ 1:2mm,

Nt ¼ 24, nc ¼ 1, and g ¼ 4. The magnitudes of currents jIL;k j of the
different kth coil sections were calculated as a function of a frequency

in (a) or as a function of k at 100 and 150MHz in (b). If (a) is com-

pared with Fig. 4a, it is apparent that the amplitudes of standing waves

are suppressed below 100MHz. The circles and the triangles in (b)

were calculated for Dp 0.0 and 0.4mm, respectively. The y dependences
of magnitudes of rotating fields are shown in (c), when Dp is varied as 0
(j), 0.2 (s), 0.4 (N), and 0.6mm (}). C0 was determined from the

impedance matching condition and was 11, 9.5, 9.6, and 9.9 pF, for

Dp ¼ 0:0, 0.2, 0.4 and 0.6mm, respectively.
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oscillates as a function of y. The resulting inhomogeneity
of the field is around 17% for the region jyj < 10mm and

at the carrier frequency 80MHz. The inhomogeneity

increases as the frequency increases and becomes 37% at

the frequency 320MHz. Along the x-axis the magnetic
field changes very rapidly only near the wires at

x ¼ �4:5mm. From Amp�eere�s law the magnetic field

close to a single wire is expected to diverge by 1=r, where
r is the distance from the wire. The same type of the di-
vergence is observed near the wires at z ¼ �1:15mm. If
we employ a flat cable instead of a line to wind the coil,

the divergence will be reduced. In the central region with

jxj < 2mm the field decreases monotonously and varies

13% at 80MHz as the x-coordinate increases.
Instead of examining the field near the flat cable, let

us consider here the continuously distributed current on

a conductor plane at x ¼ �l=2 and investigate the RF
field near its surface. The model of Lowe and Whitson

[7] can be used by exchanging the x- and z-axes and by

making d ! 1. The observation point is so close to the

conductor plane at x ¼ l=2 or �l=2, that current flowing
on that plane dominantly produces the RF field. The x-
component of the field becomes

Bx ¼ � 1

2
il0ðI=pÞ expð�jl=2Þ sinhðjxÞ; ð42Þ

while the y-component is still given by Eq. (39). The

rotating field is given by

Bþj j ¼ Bx

�� þ iBy

��
¼ 1

2
l0ðI=pÞ expð�jl=2Þ expð�jxÞ: ð43Þ

The sign of j is reversed for the travelling wave in the
opposite direction. Eq. (39) or (43) does not show any

divergence of RF field near the coil surface at z ¼ �d=2
and x ¼ �l=2, respectively. The field homogeneity along
the x and the z directions may be improved by using a

flat cable instead of a cylindrical cable to wind the coil.

The homogeneity along the z-axis is estimated by

coshðjzÞ or expð�jzÞ, where jjzj6 jd=2 ¼ m=md. Since
the condition m � md must be satisfied to obtain the
enough strength of RF field, jjzj � 1 is always fulfilled.

The RF field homogeneity in the xz plane may not be so
severe if the flat cable is used to wind the coil.

4.4. Improvement of field homogeneity by a variable pitch

flat coil

However, to reduce the inhomogeneity along the y-
direction we have to change the electrical characteristics

of the probe circuit and have to reduce the oscillation of

the current over different coil sections. It can be

achieved by varying the pitch over the coil. Since the
coil at the ends have only a neighboring loop, the sum

of inductance
PN

j¼1 Mi;j for a particular wire i becomes
smaller near the ends than that at the center. We con-
sidered that the reflection was caused by this distribu-
tion of inductance, so that we made the pitch near the

ends smaller than that at the center to increase the in-

ductance. We varied the pitch according to the follow-

ing equation:
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pðiÞ ¼ pc � Dp Ntðj þ 1� 2iÞ= Ntð � 1Þjg;
i ¼ 1; . . . ;Nt: ð44Þ

The pitch at the center i ¼ ðNt þ 1Þ=2 is given by pc,
while those at the ends become pc � Dp. We fixed

pc ¼ 1:2mm and adjusted the positive parameters Dp
and g in order to obtain the best homogeneity.

Fig. 6a shows the frequency dependence of the cur-

rent amplitudes for the coil with Dp ¼ 0:4mm and

g ¼ 4. The magnitudes of the currents are almost con-

stant below 120MHz. When we look at the k-depen-
dence in Fig. 6b, the amplitude of the oscillation is

reduced at 100MHz by increasing Dp from 0 to 0.4mm.

However, at 150MHz the amplitude of Dp ¼ 0:4mm is

slightly larger that of Dp ¼ 0. The variable pitch ap-
proach can improve the field homogeneity for the fre-

quency below 120MHz. The magnitude of the rotating

field was calculated as a function of y at 100MHz for

the Dp values from 0 to 0.6mm and is shown in Fig. 6c.

As Dp increased, the field near the ends of the coil in-

creased, while the oscillation near the center was mini-

mized for Dp ¼ 0:2 and 0.4mm. The best homogeneity

was achieved for Dp ¼ 0:4mm and g ¼ 4. The inho-
mogeneity in the region of jyj < 10mm was 10%, while

that of the constant pitch coil was 20%.

4.5. RF field homogeneity of a cylindrical coil

In the first paper, Lowe and Engelsberg [5] made a

cylindrical coil transmission line probe. In the second

paper, Lowe and Whitson [7] mentioned the cylindrical

coil have two problems; the very inhomogeneous RF

field and the difficulty of the construction. The second

problem is now solved because the commercial chip

capacitors are available. We will show here that the RF
field homogeneity of a cylindrical coil is comparable to

that of a flat coil, if the diameter of the coil is as small as

the thickness of a flat coil d.
We consider an infinitely long cylindrical coil which

extends along the y-axis and has a radius a and a pitch p.
In the same manner as the flat coil of Fig. 2, a capacitor

C0 is connected at every nc turns. We approximate the

cylindrical coil by a cylinder having a travelling wave of
current on its surface given by

d~IIðy;/Þ ¼ qIðyÞd~llð/Þ

¼ ðImax=2pÞ expfiðjy � xtÞgad/ðcosw~ee/

þ sinw~eeyÞ; ð45Þ

where w is the pitch angle given by

tanw ¼ p=2pa: ð46Þ

ð~eeq;~ee/;~eeyÞ are unit vectors along cylindrical coordinates.
The magnetic field at the center of the coil can be easily

calculated from Amp�eere�s law
~BBð0; 0; 0Þ ¼ l0

4p

� �Z 1

�1
dy
Z /¼2p

/¼0

qId
~ll � ð�~RRÞ

R3
; ð47Þ

where ~RR is the vector from the origin to a point on the

cylinder surface

~RR ¼ y~eey þ a~eeq: ð48Þ
After integrating over /, only the y-component remains.

Byð0; 0; 0Þ ¼
l0I cosw

2p

Z 1

0

dy
a2 cosðjyÞ
a2 þ y2ð Þ3=2

¼ l0I cosw
2p

d

da
K0ðjaÞ

¼ l0Vin cosw
2Z0p

ðjaÞK1ðjaÞ; ð49Þ

where K1 is the modified Bessel function of the second

kind. xK1ðxÞ is a unity at x ¼ 0 and decreases mono-

tonically as x increases. j can be estimated by using a

circuit of an N-cascaded low-pass filter in the same

manner as we derived Eq. (41). Here we replace ja by

m=mcylinderd , where

mcylinderd ¼ ðZ0=p
2l0aÞðp=aÞ

2
: ð50Þ

There is another method calculating the field distri-

bution inside the cylindrical coil. That is the waveguide

theory applied to travelling wave tubes [2,14]. The
waveguide theory showed that there are only two inde-

pendent field components Eyðq;/Þ exp iðjy � xtÞ and

Byðq;/Þ exp iðjy � xtÞ and the other four amplitudes

Eqðq;/Þ, E/ðq;/Þ, Bqðq;/Þ, and B/ðq;/Þ are derived

from Maxwell equations for vacuum. The fields inside

and outside the cylinder are proportional to the first and

the second kind modified Bessel functions, I0ðsqÞ and
K0ðsqÞ, respectively. s is related to the wave number j

by s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � ð2pm=cÞ2

q
. Since the phase velocity of a

travelling wave in the transmission line is much smaller

than the light velocity in vacuum, one can approximate

s 	 j.
The amplitudes Eyðq;/Þ and Byðq;/Þ are given by

ðE;BÞyðq;/Þ ¼
ðA;BÞ1I0ðjqÞ; q < a;

ðA;BÞ2K0ðjqÞ; q > a

'
: ð51Þ

The four coefficients A1, A2, B1, and B2 are determined

from the following boundary conditions: (i) The electric

field component parallel to the wires is zero on the inner

and (ii) on the outer cylinder surface. (iii) The electric

field component perpendicular to the wires and on the

cylinder surface varies continuously across the cylinder

surface. (iv) The magnetic field component perpendicu-

lar to the wires and on the cylinder surface jumps by the
current density multiplied by l0 across the cylinder

surface. These four conditions determine the four am-

plitude coefficients. In the theory of travelling wave

tubes there is one more boundary condition that is the
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continuity of the magnetic field parallel to the wires
across the cylinder surface. However, in the present case

there are capacitors attached outside the cylinder and

there are the displacement current perpendicular to the

cylinder and the currents through the ground loops,

which produces the extra magnetic field parallel to the

wires and outside the cylinder.

By using these boundary conditions, we obtained the

magnetic field inside the cylinder

Byðq; 0; 0Þ ¼ l0Vin cosw=2Z0pð ÞðjaÞK1ðjaÞI 0ðjqÞ; ð52Þ

Bqðq; 0; 0Þ ¼ j l0Vin cosw=2Z0pð ÞðjaÞK1ðjaÞI1ðjqÞ:
ð53Þ

The rotating magnetic field inside the cylinder is given

by

Bþðq;/; 0Þ ¼ Byðq; 0; 0Þ � jBxðq; 0; 0Þ sin/

¼ l0Vin cosw=2Z0pð ÞðjaÞK1ðjaÞ I 0ðjqÞf

þ I1ðjqÞ sin/g: ð54Þ

Since Eq. (54) is real, the phase of a RF magnetic field is

constant over the plane perpendicular to the y-axis. The
function ðm=mdÞK1ðm=mdÞ decays monotonically as the

carrier frequency increases. The asymptotic form for

the large m is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pm=2md

p
expð�m=mdÞ, so that the decay is

slightly slower than the exponential. The good homo-

geneity of the RF field in the xz plane is obtained as long
as jq � 1. It is always satisfied under the condition

m=md � 1, which is necessary for the RF field to be

strong enough, since jq < ja ¼ m=md. The field inho-

mogeneity in the xz-plane is not serious for a cylindrical
coil if the continuous distribution of the current is as-

sumed.
Fig. 7. Comparisons between calculated and experimental absolute

reflections jRj and transmissions jT j of cylindrical transmission line

coils. The diameter and the pitch of the coil were 1.35 and 1.2mm,

respectively. The both ends of the coil were terminated by the nc=2
turns (T-type circuit of Fig. 1b). The total number of the capacitors is 5

for nc ¼ 3 and 11 for nc ¼ 1:5. The absolute reflections jRj were cal-
culated for the capacitor value C0 from 6 to 12 pF, and are shown in

(a). The experimental absolute reflections are shown in (b). In (c), we

compare the experimental and the calculated absolute transmissions

jT j of the two low-impedance coils: 30.4X for C0 ¼ 24 pF and 14:2X
for C0 ¼ 56 pF. They were connected to 50X cables and a terminator.

Numbers of the maxima of jRj are not the same between (a) and (b).

Figure (c) shows better agreements between the experimental and

simulated curves.
4.6. Comparisons between experiments and simulations of

cylindrical coils

We made the cylindrical transmission line probe as

described in the experimental section. The simulation

was performed for the same dimensions of the coil by

using the T-type circuit shown in Fig. 1b. It was un-

certain whether the simulations and the experiments

agreed or not, because the effects of the ground loops

were ignored in the simulations and because the real

coils constructed could include some imperfections. At
first, we compare the calculated and the experimental

results of the absolute transmissions and reflections in

Fig. 7. When the dimensions of the coil is fixed, C0 is

only a variable. In (a) and (b), C0 was varied around the

impedance matching condition, Zeffðm ¼ 0Þ ¼ 50X,
which was determined to be C0 ¼ 8:84 pF by the simu-

lation.

From the comparisons between (a) and (b), the cut-
off frequencies of the experimental probes are 80% of the
simulated probes. It was found experimentally that the

shape of the ground affected the cut-off frequencies or

the reflections at high frequencies. The largest cut-off

frequency was obtained experimentally at a given C0
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value, when the capacitors were connected directly to a
large ground conductor. The capacitor leads connected

to the coil were made as short and wide as possible so

that the inductances of the leads could be minimized.

The reflection in the low-frequency region became the

smallest at C0 ¼ 8 pF both in the simulations and in the

experiments. By detailed comparisons between Figs. 7a

and b, there is a difference in the number of the reflec-

tion maxima below the cut-off frequency. As we saw in
the simulation of the variable pitch coils, the configu-

rations of terminal wires could affect the reflection sen-

sitively. For imperfect real coils, one can expect that the

reflection shows maxima at the condition other than

b ¼ np. We cannot determine b from the reflection

maxima as described in Section 4.1 and Fig. 3.

The more reliable way to measure b is to look the

transmission of a coil connected to coaxial cables having
the much higher characteristic impedance than that

of the coil. If we ignore the loss through the coil, the

four terminal constants are expressed by the phase delay

b and the effective impedance Zeff :

A ¼ cos b; ð55Þ

B ¼ jZeff sin b; ð56Þ

C ¼ jZ�1
eff sin b: ð57Þ

Under the conditions b ¼ np (n integer), the transfer

matrix becomes a unit matrix, i.e., A ¼ 1, B ¼ C ¼ 0, so
that the transmission also becomes a unity. The phase

delay b can be measured from the frequencies where the

transmission shows the maxima. The minimum of the

transmission should appear when b ¼ ð1=2Þð2n þ 1Þp.
From the minimum value of transmission Tmin, the ef-

fective impedance of the coil Zeff can be determined by

using

Zeff=Z0 ¼ ð1=jTminjÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=jTminjÞ2 � 1

q
; ð58Þ

where the plus (minus) sign is applied for Zeff > Z0

(Zeff < Z0).

Fig. 7c shows the experimental and simulated trans-

missions of the coils with the characteristic impedance
30.4X (C0 ¼ 24 pF) and 14.2X (C0 ¼ 56 pF), put be-

tween 50X coaxial cables. The frequencies of the first

and the second transmission maxima agreed well be-

tween the experiments and the simulations. These results

showed the simulations could reproduce the reliable

values of the phase constant b at least in the low-fre-

quency range. In the high frequency region, the simu-

lated transmissions deviated from the experimental
ones. The deviation might be caused by the finite in-

ductance of the ground loops, which was not taken into

account in the simulation. The experimental cut-off

frequency of the 14.2X (nc ¼ 1:5) coil was almost the
half obtained by the simulation, while the 30.4X
(nc ¼ 3) coil showed much better agreements between
the experiment and the simulation. When nc ¼ 1:5, the
coil divided the ground planes and they were connected

together by a 15mm wide copper film. The inductance

between the upper and the lower ground might not be

negligible.

Next, we will compare the RF field homogeneity. Fig.

8a shows the maximum and the minimum values of the

simulated RF field for some C0 and nc values. As de-
scribed in Section 4.3 and Fig. 5c, the amplitude of the
RF field oscillates along the coil axis, the y-direction.
The maximum and the minimum values were obtained

by varying y in the 70% region of the total coil length.

We also calculated the magnitude of the RF field as a

function of the carrier frequency at the coil center by

using the approximate Eq. (49). A thick line shows the

result. It almost agrees with the maximum curve for

C0 ¼ 4:49 pF, which satisfies the impedance matching
condition. The maximum curves show the resonance

type enhancement near the cut-off frequency. The min-

imum curves decrease monotonically and becomes zero

near the cut-off frequency. The difference between these

pair of curves corresponds to the inhomogeneity along

the coil axis. The homogeneity is the best for C0 ¼ 8 pF

around 100MHz while it becomes the best for C0 ¼ 6 pF

around 400MHz.
The homogeneity and the magnitude of the RF field

are easily checked by nutation experiments, where the

signal is observed as a function of the excitation pulse

length. We performed the experiments at the RF power

100W and calculated the nutation curves for a sample in

the 80% region of the total coil length and within a di-

ameter 1.6mm, which is equivalent to the experimental

condition. The results are shown in Figs. 8b and c for
the carrier frequencies 400MHz (1H) and 106MHz

(23Na), respectively. Fig. 8b shows that the experimental

RF fields of 1H were slightly more inhomogeneous than

the simulated ones. The magnitudes of the RF field were

about 60 kHz in the experiments and 35–41 kHz in the

simulations, respectively. If we consider the accuracy of

the RF power measurements by an oscilloscope at

400MHz, the discrepancy may not be so significant. The
available RF field strength of the probe was enough for

ordinary 1H solid-state NMR experiments.

Both the experimental and the simulated nutation

curves of 23Na were almost sinusoidal, which indicated

the good RF field homogeneity of the coils at this fre-

quency. However, the RF field strength was about

11 kHz and slightly weak for solid 23Na NMR samples.

The typical RF field strength of commercial 5mm/
double or triple resonance MAS probe is 70 kHz/100W

for 1H (400MHz), and 35 kHz/100W for 13C (100

MHz). They have a twice better RF efficiency than the

above transmission line NMR probe.

However, we can improve the RF efficiency either by

decreasing the pitch of the coil or by decreasing the

impedance of the coil, since the maximum RF field at



Fig. 8. The calculated RF field distributions in cylindrical transmission

line coils and the comparisons between the calculated and the experi-

mental nutation curves. The dimensions of the coils are the same as

those given in Fig. 7. In (a), the maximum and the minimum values of

the RF fields were calculated along the cylinder axis within a region

�35% of the coil length from the center. The RF field was also cal-

culated by Eq. (49). In (b) and (c), the experimental and the calculated

nutation curves are compared at the two resonant frequencies. The

calculation assumed that the sample was placed in a diameter 1.6mm

and within 80% of the total coil length.

296 A. Kubo, S. Ichikawa / Journal of Magnetic Resonance 162 (2003) 284–299
the zero carrier frequency is given by jBþjmax;m¼0 ¼
ðl0=pÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPin=2Z0Þ

p
, where Pin is the input power. The

signal-to-noise ratio (SNR) can be also improved by

these methods, because it is proportional to the RF field

strength divided by the input voltage. If we decrease the
pitch, we must also decrease the radius of the coil to
maintain the same inductance value. We did not try the

first method, because it seemed to need more elaborate

works to fabricate such a small coil, although it may not

be impossible. Since the sample volume also becomes

very small, the first method may be employed when a

small amount of a sample is available. In the next sec-

tion, we will consider the second method.
4.7. Impedance transformation by k=4 cables

If we use a low-impedance coil to enhance the RF

magnetic field strength, the cable impedance usually

50X has to be transformed to the characteristic imped-

ance of the coil, for example 12.5X. The easiest method
is inserting 25X k=4 cables between the coil and the

ordinary 50X cables (see Fig. 1c), although this method
limits the usable carrier frequency to finite frequency

bands around ð2n � 1Þk=4 frequencies. We simulated the

performance of the 12.5X probe including the k=4 cable
impedance transformers at the both ports. If the cables

with a length lT , a characteristic impedance ZT , and the

propagation constant cT are employed, the four terminal

constants A ¼ D;B, and C are transformed according to

the following equations:

A0 ¼ A cosh 2cT lT þ 1

2
BZ�1

T

�
þ CZT

�
sinh 2cT lT ; ð59Þ

B0 ¼ AZT sinh 2cT lT þ 1

2
BZ�1

T

�
þ CZT

�
ZT

� cosh 2cT lT þ 1

2
BZ�1

T

�
� CZT

�
ZT ; ð60Þ

C0 ¼ AZ�1
T sinh 2cT lT þ 1

2
BZ�1

T

�
þ CZT

�
Z�1

T

� cosh 2cT lT � 1

2
BZ�1

T

�
� CZT

�
Z�1

T : ð61Þ

At the frequencies where cT lT ¼ ð2n � 1Þpj=2; n ¼ 1;
2; . . ., the characteristic impedance of the whole system
is given by Z 0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
B0=C0

p
¼ Z2

T

ffiffiffiffiffiffiffiffiffi
C=B

p
¼ Z2

T=Zeff .

We have calculated the electrical characters of the

whole probe circuit including the impedance trans-

formers and a 50X terminator, by combining Eqs. (59)–

(61) and the method described in Section 2. We

constructed the 12.5X impedance probes using 25X
coaxial cables as impedance transformers. In Fig. 9a, we

compare the simulated and the experimental reflections

and the transmissions, when the length of the trans-

former cables was 0.55m. The impedance matching

frequencies were 94 and 280MHz for the k=4 and the

3k=4 conditions, respectively. The same coil was em-

ployed as the one with C0 ¼ 56 pF and nc ¼ 1:5 inves-

tigated in Fig. 7c. The simulated and the experimental
curves agree well around the k=4 frequency. However,

the experimental curves show a shallower jRj minimum



Fig. 9. The electrical characteristics and the field distributions in the low-impedance transmission line coils, which are transformed to 50X by 25X k=4
cables. The length of k=4 cables is lT ¼ 0:55mm, which corresponds to a matching frequency 94MHz. The dimensions of the cylindrical coils are the

same as those described in Fig. 7. In (a), both the transmission and the reflection obtained from the measurements are compared with the results of

the calculations. The maximum and the minimum RF fields were calculated for the same region as that defined in Fig. 8. Figure (b) compares the

fields in a 12:5X coil connected to k=4 cable transformers (thin lines) to those in the coil connected to ideal 12:5X $ 50X transformers (dash-one-dot

lines). The thick line was calculated by Eq. (49). In (c), the capacitor C0 is varied to obtain the optimum homogeneity of the RF field. In (d), the

nutation curves were measured at three carrier frequencies around the passband and are compared with the calculated results.
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and a smaller jT j maximum than those of the simulated

curves around the 3k=4 frequency, although there are
similarities between them. The reason of the disagree-

ments may be the same as that of the discrepancy in Fig.

7c. Around the 3k=4 frequency, the effects of the in-

complete fabrications like extra wire length at connec-

tions or nonideal ground become significant.

Besides these maxima, there are sharp transmission

maxima or reflection minima at rather regular frequency

intervals. For example, the simulated curve of jRj shows
minima at 43, 142, and 202MHz. These frequencies are

close to the peak frequencies, 56, 128, and 206MHz in

Fig. 7c, where the conditions b ¼ np are satisfied. Since

the probe circuit has much lower characteristic imped-

ance than 50X, it works as a resonator under the reso-

nance conditions b ¼ np. This is the same phenomenon,
which is applied to microstrip resonators in microwave

circuits and optical mirror resonators.
The maximum and the minimum RF fields along the

coil axis were calculated for the capacitance value

C0 ¼ 72 pF which was obtained from the impedance

matching condition Zeffð0Þ ¼ 12:5X. The results are

shown in Fig. 9b by thin lines. We also calculated the

fields for a 12.5X coil connected to ideal 50X $ 12:5X
transformers. The ideal transformer can convert the

input voltage and current of a 50X port to a half and a
twice at the 12.5X output port, respectively. The RF

field values per unit input voltage were obtained by
multiplying 1/2 to the values calculated for a 12.5X coil

connected to a 12.5X system, 12.5X feeding/receiving

cables, and a terminator. They are shown by dash-one-

dot lines in Fig. 9b. The values obtained from Eq. (49)

are also shown by a thick line.

At the impedance matching frequencies; 100 and

290MHz for the k=4 and 3k=4 conditions, respectively,

the thin lines and the dash-one-dot lines coincide with
each other. Eq. (49) predicted the maximum field values

at these frequencies. The difference between the thin

lines corresponds to the field inhomogeneity along the

coil axis. It takes minima at the impedance matching

frequencies and takes maxima at the resonance fre-

quencies. The latter can be easily understood from the

fact that the standing wave is dominant under the

resonance conditions. The maximum field strength
corresponds to the amplitude of the standing wave and

the minimum field strength is given by the field value at

the nodes. The values at the nodes are not zero, since

jBþj contains the magnitudes of two RF field compo-

nents along the x- and y-axes. Although the RF field

becomes large at the resonance conditions, they are not

suitable to NMR experiments because of the large field

inhomogeneity.
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Fig. 9c shows how the capacitor value affects the ho-
mogeneity of the RF field. The best homogeneity was

obtained for C0 ¼ 56 pF, which is slightly lower than the

value 72 pF for the impedance matching. The passband

of this probe was estimated to be 101� 10MHz. In this

frequency region, the RF field distribution was within

30% of the average RF strength. The center of the band is

slightly higher than the k=4 frequency, 94MHz for the

cable length of 0.55m. When the k=4 cable length was
increased, the bandcenter frequency decreased, while the

optimum capacitor value C0 ¼ 56 pF was not affected.

To confirm the above simulation, we performed nutation

experiments and compared the results with those by the

simulations in Fig. 9d. The RF field of 79Br at 101MHz

was 20 kHz/100W in the experiment and agreed with the

simulation. The field homogeneity was slightly worse in

the experiment than that of the simulation. At the fre-
quencies 86 and 106MHz, the experimental RF field

strengths were 13 and 15 kHz, respectively, which were

70% of the simulated values. When the k=4 cable length
was changed to 0.60m, then the RF field strength of 195Pt

was increased to 20 kHz. Our simulations can predict the

experimental performance of the probes with good ac-

curacy.
5. Conclusion

In this publication, we made extensive simulations of

the transmission line coils and compared the results with

those obtained from analytical approximate equations.

Electrical characteristics can be predicted from analyti-

cal expressions for a N -cascaded LC low-pass filter,
where the inductance of each section is replaced by that

of whole coil divided by N. There are three important

parameters characterizing the transmission line coil; the

effective impedance at zero frequency, Zeffð0Þ, the cut-off
frequency, mc, and the phase constant, b, which are given
by Eqs. (32)–(34).

The magnitudes of RF magnetic fields are well de-

scribed by Eqs. (40), (41) and (49), (50) for flat and cy-
lindrical transmission line coils, respectively. Since there

is a phase delay b=N 	 m=mc between currents flowing in

neighboring coil sections, where m is a carrier frequency,
the magnitude of RF field in the coil decreases as a

carrier frequency increases. The decay frequency md is

given by Eqs. (41) and (50), for flat and cylindrical

transmission line coils, respectively. The diameter of the

coil has to be very small to keep md and mc much larger
than a carrier frequency. The pitch and the effective

impedance determine the RF field strength at a zero

frequency. The RF field strength and the sensitivity of

the probe were improved by using a low-impedance

transmission coil and k=4 cable impedance transformers.

They were not necessary for 1H experiments, but nec-

essary for 195Pt, 79Br, and 23Na experiments.
TheRFfield homogeneity in the transmission line coils
was investigated by numerical calculations. The inho-

mogeneity of a cylindrical coil was similar to that of a flat

coil. One important factor affecting the homogeneity is an

impedance mismatch at the both ends of the transmission

line coils. It causes reflections and a standing wave in the

coil circuit, so that the magnitude of RF field oscillates

along the coil axis. At low-carrier frequencies, the ho-

mogeneity canbe improvedby varying the pitch of the coil
near the ends and reducing the standing wave. Another

simple method is constructing a probe from a single p-
section, since the current should be uniform over a single

coil. However, the size of the coil has to be very small,

since the inductance per section is limited by the imped-

ance matching condition.

Although the transmission line probe accepts only a

small sample volume as described above, it may allow
several new wideband experiments on quadrupolar sam-

ples, metallic samples, ferromagnetic samples, or samples

under a very large static magnetic field gradient. In

quadrupolar samples containing half-integer nuclear

spins, multifrequency irradiation [15,16], adiabatic fre-

quency sweep [17–21], or fast amplitude modulation

[22,23] have been employed for enhancements and as-

signments central transitions or excitations of multiple-
quantum transitions. The larger bandwidth of the

transmission line probe may enable experiments on

quadrupolar nuclei with the larger quadrupolar couplings

than those which have been studied by a resonant type

probe. By a conventional resonant type probe, most of

RF power might be reflected before reaching to a sample

coil, whenRF ismodulatedwith the frequency larger than

a probe bandwidth, i.e., a few hundred hertz. In metallic
or magnetic samples, magnetic properties of the samples

can depend on the strength of static magnetic field. In

conducting samples, chemical shift depends on the field

strength due to the de Haas van Alphen Effect (more

generally Aharonov–Bohm effect) [24]. In ferrimagnetic

metal clusters, the crossover between different magnetic

levels takes place when static magnetic field is increased

[25]. In such samples, there is an advantage in observing
broadband spectra by a frequency-sweep method, since

strength of a static magnetic field can be varied as an in-

dependent parameter. Another advantage is the possible

use of the probe in correlation NMR experiments like

high resolution two-dimensional NMR experiments [1].

Although it is not popular, the J -coupling might be im-
portant in conducting and magnetic fine particles [26].

There are still some rooms for a further implementa-
tion. Noise of NMR signals is determined by resistive

components in a probe circuit. The two ports of a trans-

mission line probe are terminated by a load and a trans-

mitter (or a receiver). Receiving mode or transmitting

mode are selected by RF switches (in our experiments by

crossdiodes). The noise might be mainly generated by the

load. If the load is cooled or the resistance of the load is
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reduced by appropriate impedance transformations the
noisemight be reduced. In the transmission line probe, the

load can be moved far from the sample coil and can be

kept at a constant temperature by using a large heat bath.

It may solve big temperature dependences of resistor

materials at low temperature, although the appropriate

material for load must be selected depending on the bath

temperature. An ideal load must generate no thermal

noise and absorb RF signals completely. Empolying su-
perconductive circuits in the transmission line probes also

may reduce noise of the whole the circuit. One big prob-

lem of superconducting NMR probes (mainly used for

MRI) is that the probe Q becomes too high [27]. The

bandwidth of the probe is typically about 40 kHz, which

allows only the observation of solution-state 1H signals.

The transmission line probe has a fast recovery time like a

coaxial cable as long as the impedance is properly mat-
ched with those of feeding and receiving cables. Thus

superconducting transmission line probes might not have

the high Q problem.

Physics of transmission lines also seems important to

construct high frequency NMR probes. During the re-

vision of the manuscript, we found an article, which

investigates the wavelength compression of solenoidal

coils at very high frequency over 1GHz [28]. At this
frequency, even normal solenoidal coils behave as

transmission lines. Some parts of the calculations were

similar to the present paper, although the intention was

different from our paper.
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